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Let a, b, c, d be given nonnegative integers with a,d  1. Using
Chebyshev’s inequalities for the function π(x) and some results
concerning arithmetic progressions of prime numbers, we study
the Diophantine equation
n∏
k=1
(
ak2 + bk + c)= dyl, gcd(a,b, c) = 1, l 2,
where ax2 + bx + c is an irreducible quadratic polynomial. We
provide a computable sharp upper bound to n. Using this bound,
we entirely prove some conjectures due to Amdeberhan, Medina
and Moll (2008) [1]. Moreover, we obtain all the positive integer
solutions of some related equations.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction and results
In 1975, Erdös and Selfridge (see [8,9]) proved that the product of two or more consecutive positive
integers is never a power i.e. the Diophantine equation
x(x+ 1) · · · (x+ k − 1) = yl, (1)
in positive integers x, y,k, l  2, has no solution. This celebrated result opens the door to a new
generation of Diophantine equations. For example, the Diophantine equation
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k=1
(
x+ (k − 1)d)= byl, x, y, l ∈ N, (2)
where the largest prime factor P (b) of b satisﬁes P (b)  k, has a very rich history. When n or d is
ﬁxed, Eq. (2) has been studied by many authors. One can cite for examples [4,8–13,16,17,20,21]. In
particular, Laishram and Shorey [16,17], Gyo˝ry [11], Gyo˝ry et al. [12,13], and Bennett et al. [4] give
several ﬁniteness results concerning the solutions of Eq. (2) under some assumptions. However, the
general solution of Eq. (2) is still an open problem.
When the consecutive integers are replaced by consecutive members of a Lucas sequence, the
Diophantine equation
n−1∏
k=0
uk+i = yl, (3)
with integers i  1, n 2, l 2, and |y| 2 has been studied by Luca and Shorey [18,19]. They proved
that Eq. (3) has only ﬁnitely many, effectively computable solutions (n, i, l, y). Moreover, they showed
that, when un = Fn or un = (xn − 1)/(x− 1) with any integer x > 1, Eq. (3) has no solution.
Recently, Amdeberhan, Medina, and Moll [1] studied the arithmetical properties of a sequence
arising from an arctangent sum, and the tangent of the prime numbers of the form n2 + 1. They set
the following conjectures (see Conjectures 1.5, 7.1 in [1]).
Conjecture 1.1. For n 4, the value ωn = (1+ 12)(1+ 22) · · · (1+ n2) is not a square.
Note that Conjecture 1.1 is related to Lucas’ square pyramid problem (see e.g. [3,5].)
Conjecture 1.2. The even and odd parts of ωn are deﬁned by
tn :=
n∏
k=1
(
1+ 2k(k − 1)), and sn := n∏
k=1
(
1+ 4k2). (4)
Neither of them is a perfect square.
These products involve the triangular and square numbers, respectively. Amdeberhan, Medina, and
Moll [1] checked Conjecture 1.1 when n < 103200. In [6], Cilleruelo solved Conjecture 1.1.
Recently, Zhang and Yuan [22] studied the product
∏n
k=1(ak2 + bk + c). They proved that, when
n > C(a,b, c), the product is not a square, where C(a,b, c) is a constant depending only on a, b and c.
In the present paper, we give a similar bound for n. However, our result is completely explicit. Further,
we apply our bound for n to special interesting cases, including among other the above mentioned
conjectures. So we will study the solutions of the Diophantine equation
n∏
k=1
(
ak2 + bk + c)= dyl, l 2, n, y, l ∈ N, (5)
where a, b, c, d are given nonnegative integers, a,d  1, and ax2 + bx + c is an irreducible quadratic
polynomial over Q. Using the idea of Cilleruelo (see [6]), Chebyshev inequalities for the function
π(x) (see [14]), and some results about arithmetic progressions of prime numbers, we determine a
sharp upper bound for n, depending only on a, b, c, d. Then, we use this upper bound to completely
solve Conjecture 1.2. We also determine all positive integer solutions of some speciﬁc Diophantine
equations related to Eq. (5).
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(
n
p
)
=
⎧⎨
⎩
0, if p |n,
+1, if n is a quadratic residue modulo p,
−1, otherwise.
The main results of the paper are the following theorems.
Theorem 1.3. Let a, b, c, d be given nonnegative integers with a,d  1 such that ax2 + bx + c is an
irreducible quadratic polynomial, with gcd(a,b, c) = 1. Then, for the solutions of Eq. (5), we have n 
max{108,b, c, d2a ,n0}, where n0 is the largest integer such that
∑
prime pn0,
( b
2−4ac
p )=−1
log p
p − 1 < 2.002a + 0.063 log(a + 2) + 5.119. (6)
The next results are consequences of Theorem 1.3. First, we consider the case (a,b, c,d) =
(1,0,1,1) and we determine the solutions of Eq. (5).
Theorem 1.4. If l 2, then the equation
ωn =
n∏
k=1
(
k2 + 1)= yl (7)
has the only positive integer solution (n, y, l) = (3,10,2).
Now we consider Eq. (5) with (a,b, c,d, l) = (4,0,1,1,2) and (2,2,1,1,2), respectively, that is,
the cases in Conjecture 1.2.
Theorem 1.5. Let tn and sn be given by
tn =
n∏
k=1
(
1+ 2k(k − 1)), sn = n∏
k=1
(
1+ 4k2).
Then tn and sn are not perfect squares.
We also prove the following generalization of Theorem 1.4.
Theorem 1.6. For coprime integers a, c such that 1 a 10 and 1 c  20, the equation
n∏
k=1
(
ak2 + c)= yl, n, y, l ∈ N, n 2, l 2 (8)
has only the following positive integer solutions
(a, c,n, y, l) = (1,1,3,10,2), (1,5,4,126,2), (1,11,3,60,2), (2,1,2,3,3),
(2,7,3,15,3), (3,13,2,20,2), (5,4,2,6,3), (5,7,2,18,2),
(7,20,2,36,2), (7,20,2,6,4), (8,17,2,35,2).
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number. When the right side of Eq. (5) is replaced by dm, where m is a powerful number, the conclu-
sion of Theorem 1.3 remains valid. So if the right side of Eqs. (7), (8) is replaced by m, the conclusion
of Theorems 1.4, 1.6 remains also valid.
Obviously, the method in Theorems 1.4, 1.5, 1.6 can also be used for d > 1 in Eq. (5). For example,
if (a,b, c,d) = (2,0,7,5), we get the following result.
Theorem 1.8. If l 2, then the equation
∏n
k=1(2k2+7) = 5yl has only the positive integer solution (n, y, l) =
(2,3,3).
The organization of this paper is as follows. In Section 2, we recall some known results and prove
new ones which are needed for the proof of Theorem 1.3. A key result here is Lemma 2.7 that will
be used to solve Conjecture 1.2 and other equations related with Eq. (5). Section 3 is devoted to the
proof of Theorem 1.3. In the last section, we prove Theorems 1.4, 1.5, 1.6, and 1.8.
2. Preliminaries
We start this section by recalling the following results.
Lemma 2.1. Let v p denote the exponent of the prime p(n) in the factorization of n. Then
vp(n!) =
⌊
n
p
⌋
+
⌊
n
p2
⌋
+
⌊
n
p3
⌋
+ · · · , (9)
where x is the greatest integer not exceeding x.
Proof. See Proposition 2 of §1.11 in [15], due to Legendre. 
We have the following result.
Lemma 2.2. (1) Let p be an odd prime, p  a, and l > 0. Then the number of the solutions of the congruence
x2 ≡ a (mod pl) is 1 + ( ap ). If p = 2, 2  a, the number of the solutions of the congruence x2 ≡ a (mod pl) is
δl , where δ1 = 1, δ2  2, and δl  4 if l 3.
(2) Let p be an odd prime such that p  a. Then the congruence ax2 + bx+ c ≡ 0 (mod p) is solvable if and
only if the congruence x2 ≡ b2 − 4ac (mod p) is solvable. Moreover, there are at most two solutions.
Proof. See Theorem 1 in §3.5 of [15]. 
Lemma 2.3. Let m be a square-free number, |m|  2. Then there are inﬁnitely many prime numbers p such
that
(
m
p
)
= −1. (10)
All solutions p of Eq. (10) are of the form p = 4|m|k+ v, where k, v ∈ N such that p ≡ v (mod 4|m|), 1 v 
4|m| − 1, and ( vp ) = −1. Moreover, the number of v’s with these properties is 12ϕ(4|m|).
Proof. We suppose that ε, ε0, ε1, . . . , εs ∈ {1,−1}, where s = ω(m) is the number of prime divisors
of m. Let m = εq1q2 · · ·qs , where q1 < q2 < · · · < qs are distinct primes. Then Eq. (10) becomes (mp ) =
( εp )(
q1
p ) · · · ( qsp ) = −1.
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(−1
p
)
= ε0,
(
q j
p
)
= ε j
are p ≡ v j1 , . . . , v jt (mod 4q j), where 1  j  s, t = 1 if q j = 2, and t = 12 (q j − 1) if q j > 2. Since
these q j are distinct, therefore by the Chinese remainder theorem, the solutions of the above system
are given by p ≡ v (mod 4|m|), where v ∈ N, 1 v  4|m|−1, and ( vp ) = −1. As 1 v  4|m|−1, the
number of v ’s that are relatively prime to 4|m| is ϕ(4|m|). Moreover, by the multiplicative property
of Euler phi function, the number of solutions of equations (mp ) = 1 and (mp ) = −1 is 12ϕ(4|m|).
Similarly, if ε = 1, we have the same conclusion. By Dirichlet’s Theorem for primes in arithmetical
progression, there are inﬁnitely many primes p satisfying p ≡ v (mod 4|m|) with ( vp ) = −1. This
completes the proof of Lemma 2.3. 
Now, we recall some results concerning the distribution of primes.
Lemma 2.4. For any real number x 1, we have
∑
px
log p < 1.000081x.
Proof. See Proposition 1.7(v) in [7]. 
Lemma 2.5. Let π(x) denote the number of primes not exceeding a positive real number x. If x > 10000, then
π(x) <
1.139x
log x
.
Proof. From the theorem on p. 14 of [7], we have π(x) < xlog x (1 + 1.2762log x ), for x > 1. Then the result
is immediate. 
Lemma 2.6. Let m, h be positive integers with gcd(m,h) = 1. For any real number x > 1, we have
∑
prime px
p≡h (mod m)
log p
p
= 1
ϕ(m)
log x+ O (1).
Proof. See Theorem 7.3 of [2]. 
We ﬁnish this section by proving the following lemma.
Lemma 2.7. Let a, c,k 1 be integers and p a prime satisfying p |ak2 + c and p > ak. Then a(p − k)2 + c is
the ﬁrst element of the sequence {a(k + j)2 + c}∞j=1 divisible by p.
Proof. Since p |ak2+c, p > ak, then p  a, p  c, and a(p−k)2+c ≡ 0 (mod p). If there exists a positive
integer k1 such that k + 1  k1  p − k − 1, and p |ak21 + c, then the congruence x2 ≡ −ac (mod p)
has solutions x ≡ ak,ak1,a(p − k) (mod p). However, by Lemma 2.2, this congruence has at most two
solutions. Thus we have ak ≡ ak1 (mod p), or a(p − k) ≡ ak1 (mod p), i.e. p |k1 − k, or p |k1 + k. As
k + 1 k1  p − k − 1, it is impossible. This completes the proof. 
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We assume that n > max{108,b, c, d2a } and put
Qn =
n∏
k=1
(
ak2 + bk + c). (11)
One can rewrite Qn as the product of its prime factors, i.e.
Qn =
∏
p|Qn
pαp .
First we show that each prime divisor of Qn satisﬁes
p < 2an + b. (12)
Indeed, if p |d, as n > d2a then we have p  d and d < 2an. So p < 2an < 2an + b. If p  d, thus from
Eq. (5) we get pl | Qn . So there exists an integer k such that p2 |ak2 +bk+ c (1 k n), or there exist
two integers i, j such that p |ai2 + bi + c and p |aj2 + bj + c (1 i < j  n). If p2 |ak2 + bk + c, then
p < (ak2 + bk + c)1/2 < 2an + b. Otherwise p | (ai + aj + b)(i − j). So either p |ai + aj + b or p | i − j.
Therefore, if p  4a(b2 − 4ac) then by Lemmas 2.1 and 2.2 it follows that p < max{an + an + b,n} 
2an + b.
Let f (x) = log(ax2+bx+c)log x . One can easily see that f (x) is a decreasing function. So if 1 k  n, we
have
ak2 + bk + c = k log(ak
2+bk+c)
logk  k
log(an2+bn+c)
logn .
Thus we obtain
n∏
k=1
(
ak2 + bk + c)> (n!) log(an2+bn+c)logn . (13)
Put
n! =
∏
pn
pβp , λ = log(an
2 + bn + c)
logn
, μp = log(an
2 + bn + c)
log p
.
Hence, from (12) and (13), we get
λ
∑
pn
βp log p <
∑
p | Qn
p<2an+b
αp log p. (14)
Now we give an upper bound for αp . For this purpose we distinguish several cases, according to
certain divisibility properties by the prime p.
If p  4a(b2 − 4ac), as αp  1 and gcd(a,b, c) = 1, then from Lemmas 2.1 and 2.2 it follows that
each interval of length p j contains at most two solutions of ax2 + bx + c ≡ 0 (mod p j). Thus we
deduce
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∑
jμp
#
{
k n, p j
∣∣ak2 + bk + c} ∑
jμp
2
⌈
n
p j
⌉

∑
jμp
λ
⌈
n
p j
⌉
. (15)
If p  4a and p |b2 − 4ac, then we consider s such that ps ||b2 − 4ac. If s is odd and 1 j  s, then
the congruence 4a(ak2 + bk + c) = (2ak + b)2 − (b2 − 4ac) ≡ 0 (mod p j) implies p j | (2ak + b)2. Thus
p
j+1
2  | (2ak + b). So
#
{
k n, p j
∣∣ (ak2 + bk + c)}= #{k n, p j+12  ∣∣ (2ak + b)} ⌈ n
p
j+1
2 
⌉
.
If j  s + 1, then the congruence 4a(ak2 + bk + c) ≡ 0 (mod p j) implies p s+12 | (2ak + b). So ps+1 | ps ,
which is impossible. Therefore the congruence has no solution. Hence
αp =
∑
jμp
#
{
k n, p j
∣∣ (ak2 + bk + c)} ∑
jμp
⌈
n
p
j+1
2 
⌉
=
∑
j s−12
2
⌈
n
p j
⌉
+
⌈
n
p
s+1
2
⌉
.
Now, suppose that s is even. Similarly, we have
αp 
∑
js/2
2
⌈
n
p j
⌉
+
∑
1 jμp−s
#
{
k n, p j
∣∣∣∣
(
2ak + b
ps/2
)2
− b
2 − 4ac
ps
}
,
as p  b
2−4ac
ps . Therefore, by Lemma 2.2,
αp 
∑
js/2
2
⌈
n
p j
⌉
+
∑
1 jμp−s
#
{
k n, p j
∣∣∣∣ ak2 + bk + cps
}

∑
js/2
2
⌈
n
p j
⌉
+
∑
1 jμp−s
2
⌈
n
p j+s
⌉

∑
jμp
λ
⌈
n
p j
⌉
.
In this case, (15) holds again.
If p |a and p > 2, then when p |b, from gcd(a,b, c) = 1, we get p  c. Thus p  (ak2 + bk + c). So
#{k  n, p j | (ak2 + bk + c)} = 0 and inequality (15) holds. Now, when p  b, we suppose that pr ||a. If
1  j  r, then ak2 + bk + c ≡ 0 (mod p j) implies p j | (bk + c). Hence #{k  n, p j | (ak2 + bk + c)} =
#{k n, p j | (bk + c)}  n
p j
	. Now, if j  r + 1, then ak2 + bk + c ≡ 0 (mod p j) implies 4a(ak2 + bk +
c) = (2ak + b)2 − (b2 − 4ac) ≡ 0 (mod pr+ j). So #{k  n, p j | (ak2 + bk + c)} = #{k  n, pr+ j | (2ak +
b)2 − (b2 − 4ac)}. Note that p  (b2 − 4ac). Using the above method, we can obtain inequality (15).
If p = 2 and 2  (b2 − 4ac), thus from Lemma 2.2, we get
α2 
⌈
n
2
⌉
+ 2
⌈
n
4
⌉
+
∑
3 jμ2
4
⌈
n
2 j
⌉
 2n + 4 log(an
2 + bn + c)
log2
. (16)
If p = 2 and 2 | (b2 − 4ac), then 2 |b. When 2 |a, we obtain #{k  n,2 j | (ak2 + bk + c)} = 0. When
2  a, then #{k n,2 j | (ak2 + bk + c)} = #{k n,2 j | ((ak + b/2)2 − ((b/2)2 − ac))}. Either 2 | ((b/2)2 −
ac), or 2  ((b/2)2 − ac). Using the above method, one can see that (16) also holds.
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βp =
∑
j lognlog p
#
{
k n, p j
∣∣k}= ∑
j lognlog p
⌊
n
p j
⌋
. (17)
If p | Qn and 2 < p  n, then we use (15) and (17) to obtain
1
λ
αp − βp 
∑
j lognlog p
(⌈
n
p j
⌉
−
⌊
n
p j
⌋)
+
∑
logn
log p < jμp
⌈
n
p j
⌉

∑
j lognlog p
1+
∑
logn
log p < jμp
1 = μp = log(an
2 + bn + c)
log p
. (18)
Thus inequalities (14) and (18) imply
λ
∑
pn
βp log p <
∑
pn, p | Qn
αp log p +
∑
n<p<2an+b
p | Qn
αp log p
 α2 log2+
∑
pn, p | Qn
λ log
(
an2 + bn + c)
+
∑
pn, p | Qn
λβp log p +
∑
n<p<2an+b
p | Qn
αp log p. (19)
If p > n, then from inequality (15) we have
αp  λ. (20)
Note that if n > 108 and λ  2, then from (16) we have 1
λ
α2 log2  2nλ log2 + 4 logn < 0.7n. Then
using inequalities (19) and (20), we get
∑
pn, pQn
βp log p =
∑
pn
βp log p −
∑
pn, p | Qn
βp log p

∑
pn, p | Qn
log
(
an2 + bn + c)+ ∑
n<p<2an+b
p | Qn
log p + 0.7n. (21)
Thus if p  n, then one can see that
βp >
∑
1 j lognlog p 
(
n
p j
− 1
)

∑
1 j lognlog p 
n
p j
− logn
log p
 n
p − 1 −
p
p − 1 −
logn
log p
= n − 1
p − 1 − 1−
logn
log p
. (22)
Inequalities (21) and (22) imply
1848 S. Yang et al. / Journal of Number Theory 131 (2011) 1840–1851(n − 1)
∑
pn, pQn
log p
p − 1 =
∑
pn, pQn
log p +
∑
pn, pQn
logn
+
∑
pn, p | Qn
log
(
an2 + bn + c)+ ∑
n<p<2an+b
p | Qn
log p + 0.7n

∑
pn
log
(
an3 + bn2 + cn)+ ∑
p2an+b
log p + 0.7n
= π(n) log(an3 + bn2 + cn)+ ∑
p2an+b
log p + 0.7n. (23)
If the prime p satisﬁes ( b
2−4ac
p ) = −1, then from Lemma 2.2, we get ak2 + bk + c 
≡ 0 (mod p),
where k is a positive integer. This implies that p  Qn . So from (23), we deduce that
(n − 1)
∑
pn,
( b
2−4ac
p )=−1
log p
p − 1  π(n) log
(
an3 + bn2 + cn)+ ∑
p2an+b
log p + 0.7n. (24)
Therefore, we apply inequality (24), Lemmas 2.4, 2.5 to get
∑
pn,
( b
2−4ac
p )=−1
log p
p − 1 <
1.139n
(n − 1) logn log
(
an3 + bn2 + cn)+ 1.000081(2an + b) + 0.7n
n − 1 . (25)
As n > max{108,b, c}, we have log(an3 + bn2 + cn) log(a + 2) + 3 logn, 2an + b < (2a + 1)n, and
1
logn < 0.055. From inequality (25), we obtain
∑
pn,
( b
2−4ac
p )=−1
log p
p − 1 < 2.002a + 0.063 log(a + 2) + 5.119. (26)
Now, we will prove that if a, b, c are ﬁxed, then the values n satisfying (26) are bounded. As
ax2 + bx+ c is an irreducible quadratic polynomial, then b2 − 4ac is not a square. Let b2 − 4ac =mS2,
where |m| is a square-free number.
If m = −1, then (mp ) = −1 implies p ≡ 3 (mod 4). As log pp < log pp−1 , then from (26), we have
∑
pn,
p≡3 (mod 4)
log p
p
< 2.002a + 0.063 log(a + 2) + 5.119.
Using Lemma 2.6, we get
∑
pn,
p≡3 (mod 4)
log p
p
= 1
2
logn + O (1),
whence n is ﬁnite.
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where k, v ∈ N, 1  v  4|m| − 1 and ( vp ) = −1. Moreover, the number of appropriate v ’s is r =
1
2ϕ(4|m|). Notice that m is ﬁxed. Thus, by Lemma 2.6, we have
∑
pn,
( b
2−4ac
p )=−1
log p
p
= 1
2
ϕ
(
4|m|) ∑
pn,
p≡v (mod 4|m|)
log p
p
= 1
2
logn + O (1). (27)
As log pp <
log p
p−1 and the right-hand side of (26) is bounded, therefore the numbers n are also bounded.
This completes the proof of Theorem 1.3.
4. Proofs of Theorems 1.4, 1.5, 1.6, and 1.8
In this section, we prove our other results, by completely solving some particular cases of Eq. (5)
using Theorem 1.3.
4.1. Proof of Theorem 1.4
We put a = c = d = 1, b = 0 in Eq. (5). Then the prime numbers p satisfying p |k2 + 1 are p = 2,
or p ≡ 1 (mod 4). So k2 + 1 does not have any prime factor p ≡ 3 (mod 4). Then by Theorem 1.3, we
get nmax{108,n0}, and
∑
pn0
p≡3 (mod 4)
log p
p − 1 < 7.191.
From the above inequality, one can obtain n0 < 107, so n  108. When 1  n  9, a straightforward
computation shows that only ω3 = 102 is a square. Finally, we have to check that ωn is not a power
for 10 n < 108.
From 102 + 1 = 101 and Lemma 2.7, the next time that the prime 101 divides k2 + 1 is for k =
101− 10 = 91. Hence ωn is not a power for 10 n 90.
As 842 + 1 = 7057, one can see that the next time that the prime 7057 divides k2 + 1 is for
k = 7057− 84 = 6973. Thus ωn is not a power for 91 n 6972.
We have 69702 +1 = 48580901. So the prime 48580901 divides k2 +1 if k = 48580901−6970 =
48573931. So ωn is not a power for 6973 n 48573930.
As 485739302 + 1 = 2359426675644901, k2 + 1 is divisible by the prime 2359426675644901
if k = 2359426675644901 − 48573930 = 2359426627070971. Therefore, ωn is not a power for
48573931 n 1015. This completes the proof of Theorem 1.4.
4.2. Proof of Theorem 1.5
For sn , we take a = 4, b = 0, c = d = 1 in Eq. (5). Since a prime p with p |4k2 + 1 satisﬁes p ≡
1 (mod 4) and by Theorem 1.3, we get n max{108,n0} and ∑ pn0
p≡3 (mod 4)
log p
p−1 < 13.24. Therefore,
we obtain n0 < 1012, so n < 1012.
If 1  n  4, then we directly verify that sn is not a square. Using the method in the
proof of Theorem 1.4, we have 37 | (4 × 32 + 1), 1601 | (4 × 202 + 1), 9 985601 | (4 × 15802 + 1),
30671431682777 | (4×99840952+1), . . . therefore, sn is not a square for 4 < n < 30671421698681.
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tn =
n∏
k=1
(
1+ 2k(k − 1))= n−1∏
k=1
(
2k2 + 2k + 1)= n−1∏
k=1
(
(k + 1)2 + k2).
If p is a prime satisfying p | (k + 1)2 + k2, then (k + 1)2 + k2 = p t and 1 = ( (k+1)2p ) = ( pt−k
2
p ) = (−1p ).
Therefore p ≡ 1 (mod 4). Hence putting a = 2, b = 2, c = d = 1 in Theorem 1.3, we get n < 1010.
If tn is a square, then
t′n =
n∏
k=1
(
4+ 8k(k − 1))= 4 n−1∏
k=1
(
2(2k + 1)2 + 2)
is also a square. Furthermore, Tn−1 =∏n−1k=1(2(2k + 1)2 + 2) is also a square. When 1  n  12, we
easily check that Tn is not a square. If 12 < n < 1010, as 61 | (2 × 112 + 2), 1013 | (2 × 452 + 2),
452201 | (2× 9512 + 2), 101783952113 | (2× 4511852 + 2), . . . so we see that tn is also not a square.
The proof of Theorem 1.5 is complete.
4.3. Proof of Theorem 1.6
When a = 1, 2  b  20, d = 1, by Theorem 1.3 we get n < 108. If 1  n  20, one can directly
check that if (a, c) = (1,1), (1,5), (1,11), Eq. (8) has the only positive integer solutions given in
Theorem 1.6. Using Lemma 2.7, and the method in the proof of Theorem 1.4, we see that when
20 < n < 108, Eq. (8) has no solution.
When 2  a  10, 1  b  20, by Theorem 1.3, we similarly get n < n0. When 1  n  20, we
can directly check that if (a, c) = (2,1), (2,7), (3,13), (5,4), (5,7), (7,20), (8,17), Eq. (8) has the only
positive integer solutions given in Theorem 1.6. Using the method in Theorem 1.4, we verify that
when 20 < n < n0, Eq. (8) has no positive integer solution.
4.4. Proof of Theorem 1.8
First, we use the result of Theorem 1.3 and we get that n < 108. Then we directly check that the
equation has the only positive integer solution (n, y, l) = (2,3,3). So Theorem 1.8 follows.
5. Final remarks
We believe that n in Eq. (5) should satisfy the condition n < C0(d), where C0(d) is a constant
depending only on d. Particularly, when d = 1, then n < C0, where C0 is an absolute constant. This
may be a more diﬃcult problem.
In [10], Gürel and Kisisela considered a product of consecutive values of a cubic polynomial and
proved that it is never a square. However, for some higher degree polynomials, the number of solu-
tions to a similar problem is inﬁnite. For example, if
∏n
k=1(4k4 + 1) is a perfect square, as
n∏
k=1
(
4k4 + 1)= n∏
k=1
(
2k2 + 2k + 1) n∏
k=1
(
2k2 − 2k + 1)
=
(
n−1∏(
2k2 + 2k + 1)
)2(
2n2 + 2n + 1), (28)k=1
S. Yang et al. / Journal of Number Theory 131 (2011) 1840–1851 1851then we get 2n2 + 2n + 1 = y2. This equation has inﬁnitely many positive integer solutions given by
(n, y) = ( 12 (Q 2 j+1 − 1), P2 j+1), where P j , Q j are the j-th Pell and companion Pell numbers, respec-
tively.
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